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Local conserved quantity:
An O(1)-local quantity which commutes with H
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Definitions

We characterize (non-)integrable systems
by the number of local conserved quantities

# of local conserved quantities

o | Integrable systems

finite| Partially integrable systems

0 | Non-integrable systems

(excluding trivial ones)
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Most systems are non-integrable

It is strongly expected that |non-integrability is ubiquitous

- Consistency with empirical laws of macro. systems
(linear response theory, thermalization, heat conduction, etc.)

- Numerical simulations (energy spectra)
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Most systems are non-integrable

It is strongly expected that

non-integrability is ubiquitous

- Consistency with empirical laws of macro. systems
(linear response theory, thermalization, heat conduction, etc.)

- Numerical simulations ¢

energy spectra)

Ag integrable systems

thermalization ™ €4
> [

But rigorous treatment of non-integrability is difficult...
(It was out of scope of mathematical physics until 2019)
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Proof of non-integrability

Recently, some models were shown to be non-integrable

XYZh model [Shiraishi (2019)]

N
H = Z IxXiXi1 + Iy +Jz22Z; 0 + hZ)
i=1
is non-integrable if Jy, J,,J, # 0,Jx # Jy,h # 0
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Recently, some models were shown to be non-integrable

XYZh model [Shiraishi (2019)]

H = Z IxXiXi1 + Iy +Jz22Z; 0 + hZ)
i=1
is non-integrable if Jy, J,,J, # 0,Jx # Jy,h # 0

Mixed-field Ising model [chiba (2024)]

H = Z( Zi, | + hy X, + hZ)

is non-integrable if hX #0,h, #0

PXP model n.n.n. Heisenberg model
[Park, Lee (arXiv:2403)]| |[Shiraishi (2024)]
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Research question

Non-integrability proof studies have begun,
but these studies have dealt with individual systems

Classification of integrability and non-integrability
for general classes is still lacking

It is not proved that [non-integrability is ubiquitous
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Model

General spin-1/2 chains
with symmetric n.n. interaction

H = Z Z Jaﬁalqaﬁl + Z h,o;"
a,p a

=1
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Model

General spin-1/2 chains
with symmetric n.n. interaction

Jxx XXy + Jxy XYy + Iy, XZiy )
. N1+ Sy Y X + Jyy YYo + Ty, YiZ
N lzzl + oy X+ Sy LY+ Iy 44y
X+ Y+ hyZ,
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Model

General spin-1/2 chains
with symmetric n.n. interaction

Jxx XXy + Jxy XYy + Iy, XZiy )
o N1+ Sy Y X + Jyy YYo + Ty, YiZ
N lzzl + oy X+ Sy LY+ Iy 44y
X+ Y+ hyZ,

\

(Abbreviation: ¢ — X; etc.) with Jaﬁ — ]ﬁa

Including:
-Integrable systems: Heisenberg, Transverse-field Ising, etc.
-Non-integrable systems: XYZh, Mixed-field Ising
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Result

Main Theorem [Yamaguchi, Chiba, Shiraishi arxiv:2411.02162]
All models in this class are non-integrable (do not have
nontrivial local conserved quantities), (nontrivial: k > 3 )
except for known integrable systems and their equivalents
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Result

Main Theorem [Yamaguchi, Chiba, Shiraishi arxiv:2411.02162]
All models in this class are non-integrable (do not have
nontrivial local conserved quantities), (nontrivial: k > 3 )
except for known integrable systems and their equivalents

Implications

- Ubiquitousness of non-integrability
- No overlooked integrable systems

- No partially integrable systems
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Global spin rotation

( \
( Sxx XiXip1 +Ixy Xi¥ i + Ixz XiZiy \

N
H = Z + Jyx ViXi + Iy YiYi + Iy YiZiy |+ (W X; + By Y, + By Z))
=Lt Izx ZiXipr + Izy LY + 72 444 |

l

)
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Global spin rotation

(JXX JXY JXZ

J =15, 7, 1,,| can be diagonalized

X’ X
by global spin rotation ( ) R(Y), because J is real symmetric

(

i=1

(

\zx Jzv Jzz

VA Z

Jxx XiXip1 +JIxy XY + Ixz X Zz+1
+ Ty YXoo + Jyy VYoo + Jyy YZo

\t Jzx ZiXip1 + gy LY+ 7244 |
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Global spin rotation

(JXX Jxy Ixz
J = Jyx Jyy Jyz

\zx Jzv Jzz

can be diagonalized

X' X

by global spin rotation ( ) R(Y), because J is real symmetric
Z Z

( )

N [ Txx XXy + Jxy XY + i, X2y,

H=Y |+ Jox YiXerr + Jpy YYer1 + Iz YiZer |+ (g X, + by Y + hy Z,)

=1 \ \+ JZXZX1+1 + JZYZY1+1 + JZZZZ1+1 J

/
Wlth] aff — — Jﬂa

keeping

(non-)integrability —~— -

N
H= ) (XX + WYY + 1,27 + X, + hyY, + hy Z,)
i=1
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Division into cases

We treat H separately, depending on rank of.J
(the number of nonzero elements in {Jy, Jy,J,})

rank 0: H = ZhZZ-
with Jy, Jy,J, # 0

N
rank 1: H= Z(JZZZZ+1+h X, + h,Z,)

N
rank 2: H= ) (JxXiXioy + V¥ + iy X+ hyY + h,Z,)
i=1

N
rank 3: H =) (S XXy + Vi¥iy + 12700 + hy X+ hyY, + h,Z,)
i=1
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Classification table 7z .,

rank H detail conditions Non-integrable
O ;hZZi |
hy =0 |
v (/2% he £ 0.h,=0 transverse
1 Z +hxX; X L | field Ising
=t | +1,7
(Jx XXy _
+JYYiYi+11 (h ’ hY) — (an) I XY
2 Y| X
=1 . our
o (o h) # 00 [N 2
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Classification table

Integrable | or

rank H detail conditions Non-integrable
_ _ XXX
JX o JY — JZ I (Heisenberg)
(th hY) — (an) I XXZ
( JxXiXit1 \ Jy=Jy#J,
+JyY.Y (two are equal) our
3 EN“ +J22iZi11 (hy, hy) # (O,0) ([N} ooyt
& [ +hyx,
+hy,Z,
| thzZi ) (hy, By, hy) =0 || | XYZ
Jx, Iy, J7
all different .
our
(hX’ hY’ hZ) 7 O|IN result

Classification of (non-)integrability
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ldea of non-integrability proof

[Shiraishi (2019)]
Expansion of general local quantity

Q — Z QAA ({A}: basis of local quantities)
A
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ldea of non-integrability proof
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Expansion of general local quantity

Q — Z QAA ({A}: basis of local quantities)
A {B}
[Q.H] =) rgB
&)
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ldea of non-integrability proof

[Shiraishi (2019)]
Expansion of general local quantity

Q — Z QAA ({A}: basis of local quantities)
A {B]

[+, H]: linear map

1O, H] = Z rpB  rg: linear combination of {g,}
B

A system of linear equations of {g,}

Non-integrability
= Absence of (nontrivial) local conserved quantity O

= Absence of ontrivial) solution to the equations of {g,}
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Basis of local quantities

Basis of local quantities {A} = local Pauli strings

Pauli string: tensor product of Pauli operator of each site
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Basis of local quantities

Basis of local quantities {A} = local Pauli strings

Pauli string: tensor product of Pauli operator of each site

ex.) Basis of 2-local quantities

I, X,Y,Z Al for each i
XXt XYt s ZiZiyy D A]

l l
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Basis of local quantities

Basis of local quantities {A} = local Pauli strings

Pauli string: tensor product of Pauli operator of each site

ex.) Basis of 3-local quantities

I, X,Y,Z Al for each i
XXt XYt s ZiZiyy D A]

l l

XiXig 1 Xiyo XiXip 1 Yigos oo s Lili 1 Zin Ai3

l 1
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Commutator of basis elements

How is the linear map [+, H] represented?

ex.) [Xi Yi+1 Zi+2» Y, Yi]
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Commutator of basis elements

How is the linear map [+, H] represented?

ex.) 1X; Yiy1 Zigo, Yy Y
=Y [X Vil Y 20
=+2Y, 1 2Y; Z )

Commutators of Pauli strings are other Pauli strings (or 0)
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Commutator of basis elements

How is the linear map [+, H] represented?

ex.) 1X; Yiy1 Zigo, Yy Y
=Y [X Vil Y 20
=+2Y, 1 2Y; Z )

Commutators of Pauli strings are other Pauli strings (or 0)

Column expression of this commutator:

Xi Yi+1 Zi+2
Yoo Y

+2i Y, Z Yiii  Zip

Classification of (non-)integrability Mizuki Yamaguchi 19 /40



Commutator of basis elements

How is the linear map [+, H] represented?

AfinQ\ in H

ex.) |XiYi 12, Y, Y]]
=Y [X Vil Y 20
=+2Y, 2 Y, Z, <Bi1 n Q. H]

Commutators of Pauli strings are other Pauli strings (or 0)

Column expression of this commutator:

Xi Y Zip L A]
Yoo Y
+2i Y, Z Yiii  Zip : Bi4—1
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ldea of non-integrability proof

Expansion of general k-local quantity

k
_ l L .
Q = Z Z qA;Ai ({A/}: basis of local quantities)
-1 A (B;)

k+1
|0, H] = Z 2 ”B;Bil rgi: linear combination of {g,}

[+, H]: linear map

A system of linear equations of {q,,}
Non-integrability
= Absence of (nontrivial) local conserved quantity O

= Absence of (nontrivial) sSOlution to the equations of {qas}
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ldea of non-integrability proof

We will prove g, = 0 for all Al.k for k-local conserved quantity O

Q= Z da) Ail
Al

k-local
conserved quantity
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ldea of non-integrability proof

We will prove g, = 0 for all Al.k for k-local conserved quantity O

0=

Classification of (non-)integrability

}EQMﬁA}
Al

k-1
con antity

absent (for general 3 <k < N/2)
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ldea of non-integrability proof

We will prove qu 0 for all Ak for k-local conserved quantity O

trivial local

conserved quantity
(k <2, such as H)

Q= Z da) Ail
Al

2
+ Z Gaz A
A?

k-1
con antity

absent (for general 3 <k < N/2)
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Proof

(T XXy
+JyYi¥ii

2 i +hyX;
+h,7, (hy, hy) # (0,0) N| csut

+h,Z, |

Jy#0,J,#0

(hy, hy) = (0,0) I XY

~i,
I
p—
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Proof

(hy, hy) = (0,0) | XY

our
result

Today | present
the proof of rank 2
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Proof: A= 7...X case

We can immediately show that Ax=Z = X has zero coeff

Ak - L. eee X'+k—1

l l l
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Proof: A= 7...X case

We can immediately show that Ax=Z = X has zero coeff

> Consider B!l = 7...7y,
which is generated only by the following commutator:

Af: Z; - Xijke
Yivker Yix

k+1 . .

B +2i Z; - Ziy Y
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Proof: A= 7...X case

We can immediately show that Ax=Z = X has zero coeff

> Consider B!l = 7...7y,
which is generated only by the following commutator:

Af: Zi o Xiggod
Yieier Yigx
BikH: +2i Zi Zi+k—1 Yi+k
() R )
Z 9
: Z; - Zi+k—1 Yi+k Zi - Zi+k—1 Yi+k

J
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Proof: A= Z... case

By similar discussions,

Ak = 7...Y has zero coeff. Z Y
. X X
-+ Consider B¥! = 7...zx
A / X
Ak = 7...7 has zero coeff. Z )Z( ;
. : e+l _
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Proof: A= Z... case

By similar discussions,

Ak = 7...Y has zero coeff. Z Y (%, 7 e 9
. X X 7 17
-+ Consider B¥! = 7...zx
-2 7 / X 4 /Z X
Ak = 7...7 has zero coeff. Z )Z( .
.. - k1 _
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Proof: A= Z... case

By similar discussions,

Ak =2Z7...Y has zero coeff. 7 Y (%) ? ?
. X X 7 9
-+ Consider Bl = 7...zx :
21 Z / X /7 - Z X
Ak = 7...7Z has zero coeff. Z )Z( Y Q - ?
7 9
.. - k1 _ :
- Consider B! =Z...YX 5 7 Y X 7 . v X
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Proof: A= Z... case

By similar discussions,

Ak = 7...Y has zero coeff. Z Y D - 9
. X X 7 17
-+ Consider B¥! = 7...zx
-2 7 / X /7 - /Z X
Ak =7...7Z has zero coeff. Z )Z( . Q - ?
7 9
*° I k+1— e
> Consider B*' =Z7...YX T 7 Y X 7. v %
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Proof: A = XX..-. XI--- case

By similar discussions,

A* = XX---X has zero coeff. X X ..

X Q... zv
. : k+1 _ yv... Yy ¥ X X
- Consider B**' = XX-.-ZY Y Y 7 T X X 77
Ak = XI...X has zero coeff. X I - X Q... zv
Y Y X X
. : el _
s Consider B =XI--ZY =57 X T = Z ¥ X T 77
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Proof: A = XX..-. XI--- case

By similar discussions,

A¥ = XX---X has zero coeff. X X .. X QD .. zv
.. : k+1 _ Y Y X X
- Consider B! = XX.--ZY S T 7 7 X X 77
Ak = XI..-X has zero coeff. X I - X Do zv
. - k+1 rr XX
. COI’]SIdeI’B =XIZY +2i X I - Z Y X | .- 7Y
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Proof: A = XY-.- case

Ak = XY-.-X has zero coeff.
- Consider B! = xy...ZY

XY ..
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Proof: A = XY-.- case

Ak = XY-.-X has zero coeff.
- Consider B! = xy...ZY

XY ..
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Proof: A = XY-.- case

Ak = XY...-X has zero coeff.
-+ Consider B! = Xy...ZY

X Y

+2i X Y
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Current status of proof

Y...
7.
& zero coeff. ) not proven yet
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Current status of proof

XX...
X/---
XY--.
7...
zero coeff.
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Current status of proof

XX--- XZ---
X/---
XY--.
vy... YZ.-..
Y]...
YX...
yax
zero coeff. not proven yet
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Current status of proof

XX-.. XZX... XZ 7
X]/--- X7Z]---
XY-..  XZY--.
YY...  YZY... YZ2--
Y]... YZ]---
YX... YZX...
yax
zero coeff. not proven yet
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Current status of proof

All the other

zero coeff.

-

Classification of (non-)integrability Mizuki Yamaguchi

-

X77---77ZX |

XZ2ZL---LLY

Y/Z/---Z/X

YZZ---ZZY
not proven yetJ
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Linear relations of coeffs.

Remaining coeffs. satisfy the following linear relations

Jx

Jy

Axzz.--zzy), = — Yyzz--22%),,, = 4X22---22Y);,, = °*°

Axzz--zzx), = 7 Yyzz--72zY),,, = Yx22---22%),,, = *°"
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Linear relations of coeffs.

Remaining coeffs. satisfy the following linear relations

X 7Z . 7Z X Y Z ZY
Y Y X X
+2i X Z - Z ZY -2i X Z Z ZY
V7,
dx77.-77X); = J—YQ(Yzz...zzY),.+1 = 4 x77--722X),,, = "
Axzz.--zzy), = — Yyzz--22%),,, = 4X22---22Y);,, = °*°
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Linear relations of coeffs.

Remaining coeffs. satisfy the following linear relations

X 7Z . 7Z X Y Z ZY
Y Y X X
+2i X Z - Z ZY -2i X Z Z ZY
V7,
dx77.-77X); = J—YQ(Yzz...zzY),.+1 = 4 x77--722X),,, = "
Axzz.--zzy), = — Yyzz--22%),,, = 4X22---22Y);,, = °*°

We have obtained all the equations of {g4}
corresponding to {rgi = 0}
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Linear relations of coeffs.

Remaining coeffs. satisfy the following linear relations

X 7Z . 7Z X Y Z ZY
Y Y X X
+2i X Z - Z ZY -2i X Z Z ZY
V7,
dx77.-77X); = J—YQ(Yzz...zzY),.+1 = 4 x77--722X),,, = "
Axzz.--zzy), = — Yyzz--22%),,, = 4X22---22Y);,, = °*°

We have obtained all the equations of {g4}

corresponding to {rgi = 0}
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Proof: AX = YZZ..-ZZY case

ex.) k=235, AKX = YZZZY (complicated)

Y Z Z Z Y X Z Y Y
BY = YZZYY X Yy v
+2i1 Y Z Z Y Y +21 Y Z Z Y Y
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Proof: AX = YZZ..-ZZY case

ex.) k=235, AKX = YZZZY (complicated)

Y Z Z Z Y X Z Y Y

BY = YZZYY X Y Y
+2i1 Y Z Z Y Y +21 Y Z Z Y Y
X Z Z Z X X Z7 Y Y Y Z7 Z X

Bk = X7ZY7ZX X X X X X
+2i X Z Y Z X 21 X 7Y 7Z X 21 X 7 Y 7Z X
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Proof: AX = YZZ..-ZZY case

ex.) k=235, AKX = YZZZY (complicated)

Y Z Z Z Y (x z v v)

BX=YZZYY X vy Y
Y20 Y Z Z Y Y Y20 Y Z Z Y Y
XZZ7ZX (x z v v) Y Z Z X

BX=X7Y7X X X X X X

+2i X 2 Y Z X —-2i X ZY Z X —2i X Z2Y Z X
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Proof: AX = YZZ..-ZZY case

ex.) k=235, AKX = YZZZY (complicated)

Y Z Z Z Y (x z v v)
B*=YZZYY X vy Y
20 Y Z Z Y Y 2 Y Z Z Y Y
XZZ7ZX (x z v v) (v z z X)
BX=X7Y7X X X X X X
Y2 X ZY Z X 2 XZYZX -2X2ZYZX
Y Z Z Z Y (v v z x)
BX=YYZZY X v Y

+2i Y Y Z Z Y +2i Y'Y Z Z Y
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Proof: AX = YZZ..-ZZY case

ex.) k=25,A%=Y7ZZ7Y

+2i hy eyzzzy), +2iJ V@(XZYY)i Q =0

+2ihy qixzzzx),, 21 JX@(XZYY)HD —2iJ Y@(YYZX),-+2 =0

+2ihy Qyzzzyy,, T2 hX@(YYZX)H; =0
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Proof: AX = YZZ..-ZZY case

ex.) k=25,A%=Y7ZZ7Y

+2i hy eyzzzy), +2iJ V@(XZYY)i Q =0

ooooooooooooooo

ooooooooooooooo

ooooooooooooooo

+2ihxiqyzzzy),,,:  +2i hX(q(YYZX)H; =0

ooooooooooooooo

= dyzzzy),

Classification of (non-)integrability Mizuki Yamaguchi 31 /40



Proof: AX = YZZ..-ZZY case

ex.) k=25,A%=Y7ZZ7Y

+2i hy Giyzzzv), +2iJ V@(XZY Y )i—g =0
e, , , . Jy
+2i hXEQ(XZZZX),-+1§ —2i JX@(XZYY)HJ —21J V@(YYZX)M =0 X—
L T Jx
= Jx/J Y4d(yzzzy),
+) +2i th.Q(YZZZY)HZE +2i hX(q(YYZX)H; =0
= dyzzzy),

+6ihy qyz7zy), = 0
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Proof: AX = YZZ..-ZZY case

ex.) k=25,A%=Y7ZZ7Y

+2i hy eyzzzy), +2iJ V@(XZY Y )i—g =0
R | | | Jy
+2 MG xzzzx),,; T2 JX@(XZYY)HJ —2J V@(YYZX),-+2 =0 X—=
L2 Jx
= Jx/J Y4d(yzzzy),
+) +2ihqyzzzy,,) T2 hX@(YYZX)Hg =0
= dyzzzy),

+6i hy 4yz72y), =0

In this way, we get |ga: = 0 for all remaining A*| if (4. hy) # (0.0)
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Proof: AX = YZZ...ZZY case

N
H = Zl <JXXiXi+1 +JyYiYiy + X + hyY; + hZZi) Wik (hy, hy) # (0,0)

ex.) k=5, Ak=YZ77Y

+2i hy Giyzzzv),

= dyzzzy),

+61 hy qy77z7y), =0

In this way, we get dax = 0 for all remaining AKX if (hy, hy) # (0,0)

Classification of (non-)integrability Mizuki Yamaguchi 31 /40



Summary: S=1/2

Main Theorem [Yamaguchi, Chiba, Shiraishi arxiv:2411.02162]
General spin-1/2 chains with symmetric n.n. interaction

do not have nontrivial local conserved quantities,
except for known integrable systems and their equivalents

Almost all systems in this class are non-integrable

0 ;hzzl I ]X = JY = JZ I (Hei)s(z?:erg
h’X - 0 T ( .
T (h'Xa hY) = (an) L XXZ
N J7ZZ _ It JxXiXi1 Jx=Jy#Jg
1 Z[ +hyX; ] hX # 0, hZ =0 L frizilqu‘I,seir:ge +JyY .Y (two are equal) — our
i=1 | +h,Z, — 3 » +1,2,7,,, (hy, hy) # (0,0) IN| et
hX # 0, hZ # 0 N [Chlba] i= +hXXi
. +h,Z,; -
X — +hiZ (hy, by, hy) =0 1] xvz
[ Uty =0 [[T] x s |
2 Y| X all different Sl
= — our
"\ () #00) [N o, G i ) 2O resun
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Model & Result
Spin-1 bilinear-biquadratic chain
H= ZN:J1 (Si ‘ Si+1) +J, (Si ’ Si+1)2

i=1 Including AKLT (J, = J,/3) and Heisenberg (J, = 0)
Integrable: J, =0, £ J,
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Spin-1 bilinear-biquadratic chain

N
H = 211 (Si ‘ Si+1) +J (Si ' Si+1>2

i=1 Including AKLT (J, = J,/3) and Heisenberg (J, = 0)
Integrable: J, =0, £ J,

Main Theorem [Park, Lee 2410.23286] [Hokkyo, Yamaguchi, Chiba 2411.04945]
It is non-integrable, except for known integrable systems

(do not have nontrivial local conserved quantities)

Integrable
¢ (already known)

Non-integrable
), =0 Jy=—1 (proven here)
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Model & Result
Spin-1 bilinear-biquadratic chain

N
H = Z]l (Sl- ' Si+1) + J, (Si ' Si+1>2+D (Siz)z

i=1 Including AKLT (J, = J,/3) and Heisenberg (J, = 0)
Integrable: J, =0, £ J,

Main Theorem [Park, Lee 2410.23286] [Hokkyo, Yamaguchi, Chiba 2411.04945]
It is non-integrable, except for known integrable systems

(do not have nontrivial local conserved quantities)

Integrable
¢ (already known)

Non-integrable
(proven here)

=0 Ji=—1,
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Basis

In non-integrability proof, basis choice is important!
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Basis

In non-integrability proof, basis choice is important!

The extension to spin-1 systems such as the
AKLT model [55] looks not straightforward since the rule
of the product of spin-1 operators is more complicated

than the case of spin-1/2. [Shiraishi (2019)]
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Basis

In non-integrability proof, basis choice is important!

Basis (for 3x3 matrix) is desired to

- have simple commutation relations
- describe the model Hamiltonian simply
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Basis

In non-integrability proof, basis choice is important!

Basis (for 3x3 matrix) is desired to

- have simple commutation relations
- describe the model Hamiltonian simply

We have found a basis that satisfies both

1 0 0 01 0
E°={00 o), Ef'=(0 0 1],
00 —1 00 0

E‘1=(E+1)T,
1 0 0 01 0 0 01
F0=<O -2 0>, F+1=(o 0 —1>, F+2=<0 0 o>,
0 0 1 00 0 000
= (FH)T : F2 = (F+2)T .

Classification of (non-)integrability Mizuki Yamaguchi
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Basis

Commutator table

X Exi | Eo | E.v | Foo | Fou | Fo | Foy | Foy
Exll 0 |—-Eq| +Ey | 0 |—2Fo|-3F.| +Fy | +F_,
Eo || +E41| 0 |—E_i|+2F o +F | 0 | —F_; |—2F,
E_1|| —Ey |+E_1| 0 |—-Fu1| —Fy |4+3F_1|+2F 5| 0
Fia|| 0 |—2F | +F| 0 0 0 |—E41| +Eo
Fi||[+2F 2| —=Fi1 | +F | 0 0 |-3E41| +Eo | —E_1
Fo ||[+3F1| 0 |-3F.1| 0 |+3E;1| 0 |-3E_1| O
F 1|l —Fy |+F_1 |-2F 5| +E+1| —Eo |+3E_1| 0 0
F ol —F_1 |[42F2| 0 | —=Eo |+E_1| 0 0 0

Classification of (non-)integrability

Mizuki Yamaguchi
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Basis

Commutator table

X Exi | Eo | E.v | Foo | Fou | Fo | Foy | Foy
Exll 0 |—-Eq| +Ey | 0 |—2Fo|-3F.| +Fy | +F_,
Eo || +E41| 0 |—E_i|+2F o +F | 0 | —F_; |—2F,
E_1|| —Eo |+E_1| 0 |—Fi1| —Fy |4+3F_1|4+2F_5| 0
Fo|| 0 |—2Fus| +Fp| 0 0 0 |—E41| +Eo
Fi||[+2F 2| —=Fi1 | +F | 0 0 |-3E41| +Eo | —E_1
Fo ||[+3F1| 0 |-3F.1| 0 |+3E;1| 0 |-3E_1| O
F 1|l —Fy |+F_1 |-2F 5| +E+1| —Eo |+3E_1| 0 0
F ol —F_1 |[42F2| 0 | —=Eo |+E_1| 0 0 0

Classification of (non-)integrability

Only single terms appear

Mizuki Yamaguchi

36 /40



Basis

Commutator table

x Exi | Eo | E.v | Foo | Fou | Fo | Foy | Foy
Exll 0 |—-Eq| +Ey | 0 |—2Fo|-3F.| +Fy | +F_,
Eo || +E41| 0 |—E_i|+2F o +F | 0 | —F_; |—2F,
E_1|| —Eo |+E_1| 0 |—Fi1| —Fy |4+3F_1|4+2F_5| 0
Fo|| 0 |—2Fus| +Fp| 0 0 0 |—E41| +Eo
Fi||[+2F 2| —=Fi1 | +F | 0 0 |-3E41| +Eo | —E_1
Fo ||[+3F1| 0 |-3F.1| 0 |+3E;1| 0 |-3E_1| O
F 1|l —Fy |+F_1 |-2F 5| +E+1| —Eo |+3E_1| 0 0
F ol —F_1 |[42F2| 0 | —=Eo |+E_1| 0 0 0

Only single terms appear
H=Y (= 1/2) (EPES, + ENER) + E'ESL)

i

00 1 1 1 20— —2r+2 0
+0,16 (FOFS, +3FFFSY + 3F7'FfL + 6F2F 3 + 6F 23 ) + DI3F,

The bilinear-biquadratic Hamiltonian is described simply
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Other recent progress

Non-integrability proof is extended just now

- higher dimensional systems (general d > 2)

d-dim. transverse-field Ising [Chiba (coming soon)]
d-dim. XY / Heisenberg [Shiraishi, Tasaki (coming soon)]

- higher spin systems (general S > 3/2)
[Hokkyo, Yamaguchi, Chiba (in prep.)]

- bosonic systems
[Yamaguchi (in prep.)]
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Do computers prove non-integrability?

Not yet
Proving {q,. = 0} for general k requires craftsmanship

Conjecture Related:[Grabowski, Mathieu] [Reshetikhin’s condition]
The presence or absence of 3-local conserved quantities
is coincident with that of k-local conserved quantities

for general &
= Partially integrable system does not exist

(with finite number of local conserved quantities)

All studies to date support this Conj.

Admitting this Conj., integrability test can be performed

with a low-cost algorithm (on Ker of [, H] in finite-dim. linear space)
Classification of (non-)integrability Mizuki Yamaguchi 39 /40



Summary

Classification of integrability and non-integrability is given
for general spin-1/2 chains with symmetric n.n. interaction
and spin-1 bilinear-biquadratic chains

We prove that all systems are non-integrable,
except for known integrable systems,
which implies the ubiquitousness of non-integrability
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Trivial local conserved quantities

Usually, non-integrable systems have H
as the only local conserved quantity

However, some non-integrable systems
have other k-local conserved quantities with k = 1,2

The following is a complete list Bkt f i

restricted to linear combinations of the following:

N (i) its own Hamiltonian: H,
hy \2
H = Z (JX (XiXi+1 - (h_) Yi}{i-f-l) + h’XXl + hY}fZ) ! (ii) the total magnetization in the z direction: M, =
i=1 X YL, 87,
N . h l . . . h d d‘ .
Q = ) (-1)'(hxXi + hyYi)(hx Xis1 + hy Yit1) (54 O L vt D ot Y
i=1
(iv) the staggered quadratic spins:
N N
H = Z(JX(XiXH—l YY)+ JzZiZi1 +hzZ;) 2:3‘1)’(35)2 )
i=1 N
N DS - (YD)
) i=1
Q= (1'%, (55) v
i=1 > (FL)i(spsY + sty ®3)

result on spin-1/2 systems i Ty = 0 holds and N is even.

Classification of (non-)integrability Mizuki Yamaguchi  result on spin-1 systems 41 /40



